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ABSTRACT 
 
 
From the low-mass non-relativistic case to the relativistic limit, the density 
profile of a white dwarf is used to evaluate the complexity measure [1]. Similarly 
to the recently reported atomic case where, by averaging shell effects, complexity grows 
with the atomic number [2-4], here complexity grows as a function of the star mass 
reaching a maximum finite value in the Chandrasekhar limit. 
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Recent years have witnessed a great deal of work in the field of complexity and 
information theories because of their likely relevance to the understanding of biological 
processes at their basic level [5]. However, in spite of all this effort, a satisfactory 
universal definition of complexity is still lacking and different indicators emphasize 
different points of view or perspectives on this issue. Although, as said above, the main 
motivation of these developments was their application to biological systems, there 
have recently been a number of studies of complexity in atomic and molecular systems. 
When applied to these systems [2-4, 6-8] the statistical complexity measures [1, 9] have 
the form of the habitual matrix density functional. In these systems, a bigger or smaller 
value of the complexity can be a manifestation of shell structure, correlations, 
importance of relativistic effects, etc. Motivated by the application of these ideas to 
heavy atoms, here we apply them to a real self-gravitating system, a white dwarf. As far 
as we know, this is the first study of complexity in an astrophysical object. 
 
Among all the statistical complexity measures, we will use that proposed by 
López-Ruiz, Calbet and Mancini [1] which is defined as 
DHCLMC •=    ,                                                    (1) 
where H represents the information  content of the system [10] 
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The magnitude S, given by 
( ) rdrblogrS rrr )(ρˆ)(ρˆ 30∫−=  ,                                          (3) 
is the Shannon information entropy [11]. And D, given by 
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is called the disequilibrium [1]. The length scale  depends on the mass of the star and 
will be defined later.  
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From their definitions, H measures the information and D the disequilibrium or 
distance to the most probable state. In a perfect ordered system, H is null, and in a state 
of maximum disorder, D is null. Thus, in a sense, the measure  simultaneously 
probes the distance of a system to the state of perfect order and to that of perfect 
disorder.  has certainly received criticism [12] but we will use it because of its 
simplicity and intuitiveness. 
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Now we will recall the basic equations of a white dwarf [13]. Henceforth, we will use 
the following list of definitions and numerical values.  
 
h : reduced Planck constant. 
c : light velocity. 
G = 6.707x10-39 
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Gevch ,  gravitational constant. 
em  = 0.511 MeV/c
2, mass of the electron. 
m = 939 MeV/c2, mass of the nucleon 
M, mass of the star. 
 
 3
M๏= 1.98892x Kg, solar mass.   
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R, radius of the star. 
r, distance to the centre of the star. 
φ, gravitational field. 
A, number of electrons ( or protons) in the star. 
f, number of nucleons per electron. We will take f = 2. 
Fp , Fermi momentum of the electrons. 
en , number of electrons per unit volume. 
ρ, mass density in the star, ρ = (fm+ ) ≈ fm . em en en
 
Natural units , and spherical symmetry will be assumed. The structure 
of a white dwarf is expressed by three equations and we will use [14] a notation 
reminiscent of the Thomas-Fermi (TF) model, well known in Atomic Physics [15]. We 
have first the Poisson equation describing the Newtonian gravitational field. 
1== ch
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Second, we have the equation of hydrostatic equilibrium,  
Cfmmmp eeF −=+ +− φ22 ,                                              (6) 
where C is a constant. Equation (6) says that the maximum energy that an electron and f 
nucleons can have is independent of r. This equation is ordinarily expressed as a 
balance between the gravitational force, mostly generated by the nucleons, acting 
towards the centre of the star and the Fermi pressure gradient, generated by electrons, 
acting outwards.  Finally, we have the equations of state [15] 
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that relates the electron Fermi momentum with the electron density. Eliminating  
and  and defining the dimensionless variables 
Fp
en χ  and x in the form 
( ) ee mGmbbf
A
mfmGM
b 22
3/13/12
3/53/1
3/1
1
00128
91
128
29 ,ππ =⎟⎟⎠
⎞
⎜⎜⎝
⎛≈⎟⎟⎠
⎞
⎜⎜⎝
⎛=
−
,         (8) 
 4
we obtain the following differential equation [14] 
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The physical solution of Eq.(9) has to verify two conditions. The fact that the 
gravitational field at the centre of the star is not infinite imposes 
00)(χ = ,                                                       (11) 
and the fact that the integral of the density profile has to be equal to M imposes 
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In terms of the solution, χ , the mass density is given by 
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and the limit of Chandrasekhar [13,14] imposes that only for values  
07294.θθ 3/22/3 =≤ lim                                           (14) 
do there exist physical solutions. 
 
Using the numerical values quoted at the beginning, the value of θ is  
θ = 0.24087  (M / M8/3f ๏)          .                          (15) 
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The results for S, H, D and  have been plotted in Fig.1, a, b, c, and d respectively 
as a function of the star mass. Their behaviour can be understood in the following way. 
In the extreme relativistic limit, Eq. (9) reduces to 
LMCC
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which is invariant under the scale transformation 
xyx λ=→   .                                                     (17) 
Which means that its solution lacks a definite radius [13]. Note that on its way to this 
extreme limit, the radius of a white dwarf decreases as its mass grows. Thus, expressing 
the limiting behaviour of the relevant magnitudes of our problem in terms of the 
parameter λ tending to 0, after a light effort we find 
3λ)( logMMSlim lim ∝→ ,                                        (18) 
3λ)( ∝→ limMMHlim ,                                          (19) 
3λ)( −∝→ limMMDlim ,                                         (20) 
and finally 
constantMMClim limLMC =→ )(  .                               (21) 
These behaviours are consistent with the graphs shown in Fig.1a-d (continuous line). 
Intuitively speaking, the decrease of S and H when the mass of the star grows (λ→0) 
was expected because the more concentrated the star in the space, the smaller the 
information entropy S has to be. And the increasing concentration of the density 
necessarily causes the growth of D because it is nothing more than the density 
expectation value. Finally, in the plot for the complexity measure,  (Fig.1d), one 
sees its monotonous increase as the star mass grows, ending in the extreme relativistic 
limit as a finite constant around 1.83. For comparison, it is also shown in Fig.1a-d the 
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non-relativistic calculation (dashed line). It should be noted that in the non-relativistic 
calculation (θ = 0), there is no limit in the mass of the star. 
 
 The growth of  with M is qualitatively analogous to what has been 
reported in atomic physics [2-4] where 
LMCC
LMCC  grows with the atomic number if one 
averages the shell structure underlying the periodic table. This qualitative coincidence 
was also expected because of the strong similarity between both systems. In the two 
cases one is dealing with degenerate electrons bound by the external potential of the 
nucleus in the case of the atom, and by their self-gravitating forces in the case of the 
star. Besides, the forces in both systems are proportional to the inverse of the square of 
the distance. And finally, the kinematics of the electrons is initially non-relativistic in 
both systems (low Z and low M) becoming more and more relativistic with the increase 
in the number of particles. 
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CAPTIONS FOR THE FIGURES 
 
 
Fig.1a - The Shannon information entropy versus the mass of the star. The continuous 
line represents the relativistic calculation. The dashed line corresponds to the 
non-relativistic calculation. For details see the text. 
 
Fig.1b - The information content, H, versus the mass of the star. The comments in 
Fig.1a are also valid here.  
 
Fig.1c - The disequilibrium, D, versus the mass of the star. The comments in Fig.1a are 
also valid here.  
 
Fig.1d - The complexity, , versus the mass of the star. The comments in Fig.1a 
are also valid here.  
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